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Abstract- System Identification (SI) is a discipline in control 

engineering concerned with inferring mathematical models from 

dynamic systems based on its input/output observations. Rich 

literature is available regarding SI due to its applications in 

understanding complex systems as well as to design control 

systems for complex processes. A summary of those literatures is 

presented in this paper, which covers general classifications of SI, 

methodologies for design and implementation of the models, as 

well as recent advancements in application of optimization 

techniques for SI. It is hoped that this paper would serve as a 

guide for budding practitioners regarding the fundamentals of 

the discipline, while serving as a summary of new research trends 

for experienced researchers in the area. 

Index Terms—System Identification, System Identification 

Methodology, Optimization Applications in System Identification 

I. INTRODUCTION 

System Identification (SI) is a control engineering 

discipline concerned with the inference of mathematical 

models from dynamic systems based on their input and/or 

output measurements [1-5]. It is fundamental for system 

control, analysis and design [2], where the resulting 

representation of the system can be used for understanding the 

properties of the system [1] as well as forecasting the system’s 

future behavior under given inputs and/or outputs [1, 6]. 

 

SI is a significant research area in the field of control and 

modeling due to its ability to represent and quantify variable 

interactions in complex systems. Several applications of SI in 

literature are for understanding of complex natural phenomena 

[7-11], model-based design of control engineering applications 

[8, 12-16], and project monitoring and planning [10, 11, 17-

19]. 

 

This paper is organized as follows: an introduction to SI 

and its broad classifications are presented in Section II. This is 

followed by the SI methodology in Section III. The section 

describes each process in SI, from data collection and 

treatment, selection of model type and estimators, structure 

selection and parameter estimation, and validation methods. 

Next, the applications of two established optimization 

algorithms (Genetic Algorithm (GA) and Particle Swarm 

Optimization (PSO)) for SI are presented in Section 0. Finally, 

concluding remarks are presented in Section V.     

 

II. OVERVIEW OF SI 

This section presents a review of the applications of SI in 

Section A, followed by distinctions between parametric/non-

parametric and linear/non-linear modeling methods in Section 

B and Section C, respectively. 

 

A. Applications of SI 

Based on literature, the applications of SI are broadly 

classified into the following categories: 

 

1. Understanding of complex natural systems. 

2. Model-based design and implementation of control 

systems. 

3. Planning and monitoring of engineering projects. 

 

Natural systems are complex as many factors affect their 

behavior, and the behavior of some of these factors is only 

partially known [8]. Examples of applications in this area are 

rainfall-runoff prediction of river basin [10], modeling of the 

cardiovascular system [9], weather modeling for placement 

optimization of monitoring stations [11], and human joint 

modeling during movement [7]. 

 

Many engineering applications require the construction of 

models as part of control system design [8]. This is because 

adaptive controllers build on SI models have increased 

robustness in the presence of unknown model parameters and 

external disturbances [12]. In [13], SI was performed a 

mechatronic maneuvering system for marine vessels. The 

authors suggested that an accurate representation of ship 

dynamics may help in model-based designs such as controller 

design and analysis. Similarly, works by [14] presented a 

controller for roll angle and path of motorcycles based on SI 

performed on measured data. Another example in [20] used SI 

to model noise in a vehicle steering controller to improve the 

design of a Model Predictive Control (MPC) controller. In 

[15], SI was used to estimate the power consumption of Central 

Processing Units (CPUs) to develop an intelligent CPU power 

management system controller. In [16], identification work of 

engine controllers has led to reduced requirements for 

experiments and trials for the design process.  
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Another application of SI is to assist in planning and 

monitoring of engineering projects. Several examples in this 

category are placement of weather monitoring stations based 

on SI results [11], monitoring of conditions in civil structures 

[17], identification of rainfall-runoff model for operational 

planning of hydroelectric power plants [10], prediction of gas 

content in coal beds [18], and identification of power system 

characteristics for reliable planning and operation [19]. 

 

B. Parametric vs. Non-Parametric Modelling 

The task of SI can be divided into two categories based on 

the availability of knowledge regarding the structure of the 

model. If the model structure is assumed to be known prior to 

identification, the identification task is considered to be 

parametric [5, 21-24]. The identification problem is therefore 

reduced to a parameter estimation task [21-23, 25]. Examples 

of parametric identification methods are state-space, 

regression, and subspace identification [22]. Parametric 

methods are more robust to noise [22], require less data to 

construct the model [22], as well as improved parsimony and 

accuracy [26]. However, parametric methods require an insight 

of the system prior to modeling, information that may not be 

readily available.  

 

A non-parametric identification method makes minimal or 

no prior assumptions of the model structure [21-24]. This 

approach makes the modeling task significantly more complex 

compared to parametric identification, as the model class 

options are extremely rich [27] and there are more unknown 

that need to be considered in extension to the parameter 

estimation task [21, 22]. Therefore, this type of method 

requires more data compared to its counterpart [22]. Examples 

of non-parametric identification methods are polynomials, 

Fourier series, orthonormal functions and kernel estimators 

[21]. However, the non-parametric approach is more practical 

and flexible in cases where the system’s physical insight is 

unavailable. 

 

The concept of parametric and non-parametric methods 

translates into three different types of modeling techniques: 

white box, grey box or black box. The white box modeling 

technique constructs the model based on physical equations 

that govern the system process [28]. This type of modeling 

technique requires extensive knowledge of the system behavior 

[28], which is closely related to parametric modeling.  

 

The black box modeling technique constructs the model 

based only on the data acquired from the system, and does not 

rely on other information about the system [28]. No initial 

assumptions about the model structure are made, rather the 

modeling technique’s concern is to create a generic model that 

maps the input-output relationship of the dataset [29, 30]. 

Black box models have the advantage of practicality and 

flexibility, as structural information about the system may not 

be readily available. However, a disadvantage is that the model 

complexity increases [31]. Another advantage is black box 

identification can model dynamics that are insufficiently 

captured by mathematical models [8, 32]. 

 

The grey box modeling technique is a middle ground 

between black box and white box modeling. Black box 

estimation is performed supported by a priori knowledge about 

the system [28, 29]. This knowledge (such as steady-state 

information) is included as auxiliary information to assist in the 

construction of the system [28]. This modeling technique 

reduces the complexity of black box model construction using 

physical insights about the nature of the system [31]. 

 

C. Linear vs. nonlinear 

Two types of modeling techniques are usually employed in 

SI: linear or non-linear. The choice between linear and 

nonlinear models is a tradeoff between complexity and 

accuracy of the model. However, because all real systems are 

inherently nonlinear [1, 5, 12, 33-37], nonlinear identification 

is more advantageous than linear identification in terms of 

model representativeness [38-43]. 

 

Linear identification assumes a linear relationship between 

the data, and treats the nonlinearity as part of the uncertainty 

[5, 21, 42, 44]. Linear identification is suitable when the 

system exhibits weak nonlinearities [34]. Examples of 

application of linear models are available in [3, 7, 30, 45-48]. 

Linear models performance is reduced significantly if the 

system exhibits strong nonlinear behavior (presence of 

nonlinearity, time-varying, and delay characteristics) [21, 34, 

37]. To minimize the effect of nonlinearities, several works 

have shown some success with linearizing a nonlinear system 

around a desired operating point or decomposing the nonlinear 

system into smaller piecewise linear models. Examples of this 

method are [5, 46, 49]. However, the performance of these type 

of models decrease in systems with strongly nonlinear behavior 

or possessing wide operating ranges [5].  

 

In cases where the system is strongly nonlinear, linear 

model performance is unsuitable, and nonlinear SI models are 

preferable [1, 34, 35, 37]. Nonlinear models incorporate the 

nonlinearities of the system into the model. A review of 

nonlinear models has been presented in [23]. Nonlinear 

identification has become more acceptable due to the following 

factors [38]: (i) theoretical advancements of nonlinear systems, 

which has provided design methodologies to model nonlinear 

systems; (ii) development of efficient identification methods 

for treatment of empirical nonlinear models; (iii) improvements 

in control hardware and software that enables the incorporation 

of complex nonlinear models in its design. Compared with 

linear identification (where the works are mature and well-

documented), nonlinear SI modeling is the subject of active 

research [5], and a review of papers submitted in this area 

shows an increasing trend [50]. However, the use of nonlinear 

models obscures insight into the true system model as there are 

few analysis tools available to analyze the models [5].  

 

 

 

III. SI PROCEDURE 

It is desirable for the model to be as representative as 

possible with respect to the actual system being modeled [4]. 

Therefore, the SI process consists of structured methods to 

achieve this.  
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The SI procedure can be broadly sub-divided into three 

steps, name model order/structure selection (Section E), 

parameter estimation (Section F) and model validation (Section 

G) [1, 51]. However, in this review, three additional sub-

divisions were also considered worthy of treatment, which are 

data collection (Section A), data preprocessing (Section B), 

model selection (Section C) and model estimator selection 

(Section D).  

 

A. Data Collection 

Data collection is defined as the task of collecting input-

output data from the system for the purpose of identification. It 

is an important step as SI relies heavily on the quality of data 

being collected from the system. Two types of data collection 

methods were found in literature: 1) collection of data from 

historical or observational data, 2) collection of data by 

exciting the system with a predefined input. 

 

In certain circumstances where observational data is 

already available for identification, the input-output pairs are 

already defined and there is no requirement for the collection 

of data from designed input signals. Examples of this method 

are [11, 52, 53]. Both papers performed identification on 

readily-available historical observational data. 

 

In the second case, the data collection procedure is based 

on collecting the signal produced at the output under exciting 

conditions given by controlled input signals [34]. The choice of 

input signals depends on the method chosen for identification 

of the system [34]. Furthermore, the probing signal should 

engineered such that it is within frequency band of interest 

[19]. 

 

Various excitation signals have been used as inputs for data 

collection of different types of systems. The step response is 

used to investigate the stability of power systems because it 

represents different frequency excitations [54]. However, if the 

system’s transfer function is desired, it can be revealed using 

the impulse signal [54].  

 

Pseudo-Random Binary Sequence (PRBS) have been used 

as inputs in systems that have binary switching modes [55-57]. 

In cases where the system is excited by multiple signal levels, 

reference [58] used the Pseudo-Random Multilevel Sequence 

(PRMS) as inputs. 

 

Other researchers have also reported using sine signals for 

data collection. Several examples are swept-sine input signals 

[34, 59] and low-level multi-sine probing signals under focused 

frequency ranges [19]. The application of the sine cardinal 

(sinc) input signal has also been presented in modeling of a 

synchronous generators [54]. 

 

 

Sampling the output under different frequency ranges and 

operating conditions have also been reported. In [60], a 

combination of inter-sample response and multi-rate sampling 

was used to collect data for a discrete-time Iterative Learning 

Control (ILC) algorithm. Similarly, reference [28, 61] collected 

response signals under various operational and excitation 

conditions. In [17], the Natural Excitation Technique (NExT) 

was applied to extract data characteristics under different 

configurations. Reference [25] reported the collection of open-

loop data from a Pulse Width Modulation (PWM) Direct 

Current to Direct Current (DC-DC) converter for designing its 

closed-loop controller. In [57], data collection was performed 

under three bandwidth-limited operating conditions.  

 

In certain linear identification applications, the input signal 

is formulated to suppress nonlinear characteristics of the 

system. An example of this input signal design is shown in 

[57], where the magnitude of the input signals were made 

sufficiently small to minimize nonlinear effects of the system, 

while being large enough to minimize the effect of noise. 

 

B. Preprocessing and Data Division 

Preprocessing is defined as the task of transforming raw 

data into a more complete and/or representative form for the 

purpose of identification. The task is important because of 

several reasons: 

1. To ensure that the data is within an acceptable range. 

2. To remove unnecessary trends/noise that may affect 

identification results. 

3. To complete missing points from the dataset. 

4. To adjust the size of the sampled data.   

 

Magnitude scaling is used to adjust the magnitude of the 

data to within an acceptable range. Several papers that utilize 

this preprocessing method are [61-63]. Several authors set the 

range according to arbitrary values [62, 63], although ANN 

practitioners tend to set it to between -1 and +1 [61]. 

Magnitude scaling is particularly useful in Multi-Layer 

Perceptron (MLP)-based SI estimators. The MLP structure for 

function approximation typically utilizes the sigmoid activation 

function in its hidden layer(s) [64]. The sigmoid activation 

function has a squashing effect on inputs beyond the range of -

1 and +1 [64]. If the inputs are not scaled, the weight vectors in 

the MLP tend to be too small or too large, which would affect 

the training process [61].  

 

Filtering is used to remove noise from the dataset. Methods 

found in literature used noise filtering algorithm [65], time-

series averaging [20, 25], magnitude-based filtering [66] or 

frequency filters [9, 20, 67] to remove unwanted frequency 

components. Additionally, data normalization (removal of 

mean and standardization of the variance) can be used to 

remove trends in the data. An example of this method is shown 

in [68, 69]. 

 

Interpolation can be used if data is missing or insufficient. 

The method involves estimating missing data points based on 

available data. An example of this method was found in [10], 

where missing data from unknown rainfall gauges were 

synthesized using interpolation to construct a rain runoff 

model. 

Resampling of signals is typically used to reduce the 

number of data points to a more manageable value or to 

remove noise. Examples of research that have used this method 

to reduce data size are [9, 67]. In [25], the sampling interval 

was adjusted so that sampling takes place after the switching 

oscillations have decayed in order to reduce the noise. 
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It is preferable to separate between training and testing 

datasets. A model should have good accuracy not only over the 

training dataset, but also on the independent testing set [1]. The 

training dataset is used for updating the parameters of the 

model. Therefore, the model will naturally fit this data well. 

The testing dataset is important because it serves as an 

independent measure to evaluate the model’s generalization 

ability. The division of data can be performed using methods 

such as block, interleaving, or random division [55, 63, 70-72]. 

Block division divides the dataset in blocks according to a 

predetermined ratio. Interleaving divides the dataset according 

to the position of the data in the dataset. Finally, random 

sampling divides the dataset in no particular order. Another 

approach found in literature constructs training and testing 

datasets from independently-performed experiments [20]. 

 

C. Model Selection 

Model selection involves the determination of a suitable 

model to represent the data. A rich choice of models is 

available for SI: Volterra Series Expansion (VS), Hammerstein 

Model (HM), Wiener Model (WM), Non-linear Auto-

Regressive Moving Average Model with Exogenous Inputs 

(NARMAX) and its derivatives, and application-specific 

models. They are described in Section 1) to Section 5).  

 

1) VS 

VS is a non-parametric [27, 50] nonlinear SI model that 

takes the form of [73]: 
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where functions   ( ),   (      ),   (        ) and 

  (            ) are known as Volterra kernels - 

generalizations of the linear impulse response function. The 

form of VS is such that the system output at a particular time, 

 ( ), is equivalent to the infinite sum of multidimensional 

convolutional integrals of its past inputs. The VS identification 

model therefore, is able to retain past memory in order to 

predict its future outputs. The applicability of VS for modeling 

time-series data is based on the Frechet Approximation 

Theorem, which states that under some assumptions, any time-

invariant can be uniformly approximated with arbitrary 

precision by a sufficiently high finite order VS [74]. The VS 

kernels are obtainable by minimizing a cost function (such as 

the Mean Squared Error (MSE)) with respect to the VS 

coefficients. [36]. 

Advantages of VS are its structural generality and versatile 

modeling abilities [75], good approximation for low-order 

polynomial models [27], linear-in-the-parameter nature (due to 

its polynomial representation) [35, 76], and robustness towards 

output noise [76]. However, criticisms towards the VS are 

directed towards its low effectiveness in approximating high-

degree or non-polynomial type nonlinearities [27], high 

estimation error and slow convergence in cases where the 

problem is ill-conditioned [35], sensitivity towards noise in its 

input [76], large number of parameters for [29, 35, 36] leading 

to high computational cost [35]. Furthermore, VS does not 

have memory of the output, which makes it unsuitable for 

modeling systems where the output is also dependent on its 

past values. 

 

2) HM 

HM is a cascaded nonlinear identification model with a 

static (zero-memory) nonlinear element followed by a time-

varying linear element [48, 67, 77-79], as shown in Figure 1.  

 

 

Figure 1: HM with measurement noise 

 

Its general representation is deliberated here [80]. The 

nonlinear HM block is defined as: 

 

 ( )   ( ( ))

    ( )     
 ( )        

  ( )
  (5) 

 

and the model output is characterized by: 

 

 ( )    ( )   ( ) (6) 

 

where  ( ) is zero-mean additive white Gaussian noise. 

Block   ( ) is characterized by the following relationship: 
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Both  (   ) and  (   ) are polynomials [34, 36, 80] in 

the form of: 
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where     ( )   (   )     ( )   (   )   and 

so forth.                and                are estimated 

parameters of the HM such that they minimize the difference 

between the approximated model and actual observations [80]. 

This task can be achieved using methods such as extended LS 

[79]. Methods such as Auto-Regressive Model with Exogenous 

Inputs (ARX) [48], Frequency Impulse Response (FIR) [77] 
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and Auto-Regressive Moving Average Model with Exogenous 

Inputs (ARMAX) [79] has been used to describe the linear 

block.  

 

The HM is appealing because its block-oriented structure is 

suitable for many system processes [50, 77]. However, some 

weaknesses of the HM model are non-sensitivity to asymmetric 

dead zone nonlinearities in the control inputs [78], and 

difficulty to construct with insufficient prior information [78]. 

For highly nonlinear systems, the static nonlinear block cannot 

be expressed as a finite-order polynomial, resulting in a high-

dimensional linear block [77]. Furthermore, with the structure 

of the model already assumed, HM becomes a parametric 

identification model thus inheriting method’s weaknesses.  

 

3) WM 

WM is a cascaded nonlinear identification model with a 

time-varying linear block followed by a static (zero-memory) 

nonlinear element [50, 67, 81, 82], as shown in Figure 2. It is a 

structurally-reversed version of HM [83], where the dynamics 

of the system is described by a linear model and there is static 

nonlinearity at the output [67]. 

 

 

Figure 2: WM with measurement noise 

 

The output of the linear block,  ( ), is given by: 

   

 ( )   (   ) ( )

 
 (   )

 (   )
 ( )

   (10) 

 

where  (   ) and  (   ) are similar to Eq. (8) and Eq. (9) 

from Section 2). 

 

The output of WM,  ( ), is given by: 

 

 ( )    ( )   ( )   (11) 

 

and the output of the nonlinear block   ( ) is given by: 

 

  ( )   ( ( ))

    ( )     
 ( )        

  ( )
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  ( ) is expressed in the form where  ( ) is 

orthogonalized using methods such as Gram-Schmidt [36]. 

This step helps to construct closed-form solutions and kernel 

estimation separation [36]. The nonlinear block is typically 

unknown and can be represented by polynomials among other 

methods [67]. 

 

Several combinations of linear-nonlinear block 

representation methods were found in literature. In [81], the 

linear subsystem was represented using probabilistic 

distribution while the nonlinear subsystem was modeled using 

Kalman filtering. Work by [82] used a linear FIR filter with a 

nonlinear polynomial representation.  

 

WM is appealing because it is a nonlinear extension to the 

already-established linear modeling techniques [67]. However, 

some weaknesses of the model are it inherits weaknesses from 

parametric modeling due to structure assumed to be known. 

Additionally, both HM and WM assume an essentially linear 

dynamic model with static nonlinearity, which poses a problem 

when the nonlinearity in the data is dynamic in nature. 

 

4) The Nonlinear Auto-Regressive Model with Exogenous 

Inputs (NARMAX) and Derivatives 

The NARMAX [84] and its derivatives (NARX (NARX) 

and NARMA (NARMA)) are nonlinear non-parametric 

identification models for SI [4, 24, 85, 86]. They are powerful, 

efficient and unified representations of a variety of nonlinear 

systems and SI models [1, 39, 62, 86-93]. Rich literature is 

available regarding its success in various electrical, 

mechanical, medical and natural applications. For examples, 

see [28, 61, 62, 71]. 

 

The NARMAX model outputs is dependent on its past 

inputs, outputs and residuals [28, 86, 94, 95], while NARX 

removes the residual terms [61, 94, 96-99] and NARMA 

removes the input terms from the model.  The NARX model is 

a generalized version of the Auto-Regressive with Exogenous 

Inputs (ARX) [24] estimated in a non-recursive manner. The 

NARX/NARMA/NARMAX model can be constructed using 

various methods, such as polynomials [52, 67, 100, 101], 

Multilayer Perceptrons (MLP) [55, 56, 69, 91], and Wavelet 

ANNs (WNN) [102, 103], although the polynomial approach is 

the only method that can explicitly define the relationship 

between the input/output data.  

 

The NARMAX model takes the form of [52]: 

 

 ( )  

  [ (   )  (   )    (    ) 

 (    )  (      )    (       ) 

 (   )  (   )    (    )]   ( )

 (13) 

 

where    is the estimated model,  (   )  (  

 )   (    ) are lagged output terms,  (    )  (  

    )   (       ) are current and/or lagged input 

terms,  (   )  (   )   (    ) are lagged residual 

terms, and  ( ) are the white noise residuals. Parameter    is 

the input signal time delay, its value is usually 1 except for 

cases where the input  ( ) is required for identification (in 

which case,     ) [52]. The lagged residuals terms  (  
 )  (   )   (    ) are obtained recursively after the 

initial model (based on the input and output terms) is found. 

 

The NARMA model is a time-series derivative of the 

NARMAX algorithm. Input terms are absent from the 

NARMA model, therefore the equation becomes: 

 

 ( )   
  [ (   )  (   )    (    ) 

 (   )  (   )    (    )]   ( )
 

  

(14) 
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Similar to NARMAX, the lagged residuals terms are 

obtained recursively after the initial model is found. 

 

NARX is the non-recursive version of the NARMAX 

model, as it does not reuse residual terms back into the model:  

 

 ( )  

  [ (   )  (   )    (    ) 

 (    )  (      )    (       )
  

(15) 

 

Similar to the NARMAX model,    is typically 1 but may 

be changed to 0 if input  ( ) is required to define the model. 

The lagged input, output and residual terms can also be 

multiplied with each other to model higher-order dynamics 

beyond single-term polynomials.  

 

The identification method for NARMAX and its 

derivatives are performed in three steps [95]. Structure 

selection is performed to detect the underlying structure of a 

dataset. This is followed by parameter estimation to optimize 

some objective function (typically involving the difference 

between the identified model and the actual dataset) [61]. The 

structure selection and parameter estimation steps are typically 

performed using the Error Reduction Ratio (ERR) method [95]. 

In real-life cases where bias may arise from correlated or 

colored noise, the more powerful NARMAX model can be 

used [98]. The NARMAX model recursively adds residual 

terms to the NARX model to eliminate the bias and improve 

the model prediction capability [50, 94, 98, 104]. Structure 

selection and parameter estimation for NARX are done once, 

while for NARMA and NARMAX, the steps are recursively 

repeated on the residual set until a satisfactory model is 

obtained [86]. Finally, the model is validated to ensure that it is 

acceptable. 

 

A major advantage of NARMAX and its derivatives is that 

it provides physically interpretable results that can be 

compared directly, thus providing a way to validate and 

enhance analytical models where first principle models lack the 

completeness because of assumptions and omissions during 

derivations [95]. Furthermore, among all the models studied, it 

is the only model that embeds the dynamics of nonlinearities 

directly into the model [66]. Other advantages include model 

representativeness [61, 62, 85, 96], flexible model structure 

[85], stability (NARX) [4], reliability over a broad range of 

applications [1, 93], as well as reasonable parameter count and 

computational costs (for reasonably-sized model structures)[61, 

62, 105]. 

 

Several weaknesses are listed here: In cases where the 

system is highly nonlinear or model structure is large, the 

NARMAX model and its derivatives suffer from complex 

model structures [85, 92, 93, 105] leading to difficult transition 

to control system design [93]. This problem is compounded by 

the difficulty of estimating the parameters for the Moving 

Average (MA) part of the model, which is computationally 

inconvenient and unreliable [45] as the residual regressors  are 

usually numerically ill-conditioned. However, if a simpler 

NARX model is selected, it may introduce bias in the absence 

of a disturbance model [94]. Furthermore, in creating the 

NARMAX model, the residuals from the NARX identification 

is carried forward leading to accumulation of error in the model 

[62].  

 

5) Application-Specific Models 

Apart from the general models presented in Section 1) to 

Section 4), there are other SI models used for specific 

application domains. In [67], three application-specific models 

(Virtual Muscle Model, Bobet and Stein Modeling of Force 

Production, and Bartha and Thompson Modeling of Force 

Production) were used to model the isometric force of a 

primate’s eye muscles in response to electrical stimulation. The 

Error-in-Variable Model (EIVM) was used to model noise in 

systems [106], while the Mesoscale Weather Model was used 

to model thermal capacities for monitoring station placement in 

a Dynamic Thermal Rating application [11]. Works by [107] 

performed SI and control of a tendon-based robotic actuation 

system using Static Properties Modeling, Viscoelastic Model 

for the Tendon, Model of the Tendon Friction and Lumped-

Parameter Tendon Model.  While these models are superior in 

their application domains, they cannot be used for modeling 

general systems. 

 

D. Model Estimator Selection 

Once the choice of model type has been made, the type of 

estimator has to be chosen. An estimator may be pre-selected 

based on physical insight, prior knowledge or experience [26]. 

Alternatively, the model estimator may be chosen from a set of 

candidate estimators that produces the optimal model. A 

review of several model estimators is presented in Section 1) to 

Section 7). 

 

1) Polynomial Function 

Polynomial SI estimators represent the SI model in terms of 

polynomial basis functions. Polynomial of model estimator is 

the most common SI model [105], and have been used 

extensively in several types of models structures, namely 

NARMAX/NARX [85, 86, 97, 104], HM and WM [36] and 

VS [36] model types. Several applications of the polynomial 

estimator can be found in [20, 28, 57, 85, 95, 105, 108, 109]. 

 

An advantage of the polynomial model estimator is its 

applicability to accurately and uniformly estimate a broad class 

of continuous nonlinear systems [36, 105]. Its Linear-in-the-

Parameter (LITP) nature is well-structured for adaptive 

learning with provable learning and convergence conditions 

[1]. This property is appealing across all traditional engineering 

sectors for monitoring, control and supervision 

[1].Furthermore, LITP allows parameters to be easily 

determined using linear estimation methods [70, 85, 94, 97, 

110].  

 

 

A disadvantage of the polynomial estimator is the 

availability of a large number of potential candidate structures. 

The structure selection step is required to select an optimal set 

of regressors from the large number of potential candidates 

[94]. Unsatisfactory results are obtained if the candidate 

structure is under-parameterized, while over-parameterization 

leads to an excessively large number of terms and poor 

estimation due to numerical ill-conditioning [94, 111].        
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2) Artificial Neural Network (ANN) 

ANNs are defined as a massively parallel distributed 

processor consisting of interconnected simple processing units 

that has the ability to store experiential knowledge through a 

learning process [4, 64, 112]. ANN is a widely used function 

estimator due to its various appealing properties: universal 

approximation ability [61, 77, 99, 113-115], strong 

representation of unknowns and complex nonlinearities [8, 18, 

37, 58, 61, 93, 116], simple implementation [112], and flexible 

black-box design methodology [18, 61, 71, 96, 110]. 

 

Despite its many advantages, several limitations of the 

ANN are excessive amounts of parameters [28, 29, 68], 

difficulty to determine optimal network parameters [58, 99], 

computationally-expensive and time-consuming training 

process [58, 68, 115, 117, 118], lack of model transparency 

[28, 68], sensitivity to initial weight values [58], over-

generalization or under-generalization [61, 117], and tendency 

to be trapped in local minimas [58, 117]. 

 

ANN is divided into many subtypes, namely MLP (MLP), 

Radial Basis Function ANN (RBFNN), Wavelet ANN (WNN) 

and Neuro-Fuzzy Models (NFM). Each of these subtypes is 

described in Section 3) to Section 6). 

 

3) Multi-Layer Perceptrons 

It is difficult to separate the topics of ANN and MLP 

because both terms are often used interchangeably in literature, 

although they are actually different. Consequently, the author 

has taken the liberty to redefine and reorganize the ANN/MLP 

terms based on the design methods described by the research 

papers reviewed. According to [64], the MLP has several 

distinguishing characteristics that separate it from other ANN 

subtypes [64]: 

 

1. The MLP contains one or more layers of hidden units that 

are not part the input/output of the network. The hidden 

units enable the MLP to learn complex tasks and 

meaningful features from the input/output relationship. 

2. Presence of nonlinear activation functions in its hidden 

layer. 

3. High degree of connectivity between the MLP layers, 

determined by the weights of the network. 

 

Several parameters can be adjusted to optimize the MLP’s 

predictive capabilities. The structure of the MLP is defined 

prior to training, where the designer specifies the number of 

layers the network has. In many MLP applications, the three-

layer structure (one input layer, one hidden layer, and one 

output layer) is preferable [61]. This is because the three-layer 

structure with sufficient hidden units has been proven to be 

able to approximate any finite continuous function with good 

degree of accuracy [99, 113]. However, in several applications 

[32, 113, 116], more hidden layers have been reported, citing 

higher generalization ability as the main reason [113]. 

 

The number of hidden units reflects the approximation 

ability of the MLP [113]. This is because hidden units are 

collectively responsible to map the relationship present 

between the input and output. Too few hidden units result in 

decreased generalization due to insufficient mapping 

information [113]. However, if they are too many hidden units, 

the network structure is suboptimal due to presence of 

redundant and useless weights [113], as well as over-fitting of 

unwanted noise components [113] leading to stability and 

reliability issues [61]. The most common method of 

determining this property is trial-and-error [99, 110, 113], 

although other methods (rule-of-thumb) and algorithms 

(pruning and growing) are available [77, 99, 113, 119].  

 

For SI purposes, the typical choice of hidden and output 

activation functions is sigmoid (and its variants [77]) and 

linear, respectively [61, 71, 96, 110]. This is because SI is 

function approximation task, thus restricting the activation 

function to the ones mentioned above. 

 

In models where memory is present or desired, they can be 

represented in the form of lagged regressors [71] or recurrent 

connections (feedback of outputs back to the MLP [10]) [4, 8, 

28, 62]. The recurrent connections create a closed-loop model, 

where the feedback introduces additional dynamics so that the 

MLP learns without much assumption of the inherent system 

structure [62, 116, 120]. Additionally, recurrent structures are 

suitable for either one-step or multi-step ahead predictions, 

where the current output is recycled and used to extend the 

prediction horizon [10, 96]. However, it should be noted the 

selection of model also influences the selection between static 

and recurrent networks [96]. This is reported in [96, 116], 

where a static NARX network has been shown to outperform 

recurrent MLP structures. Additionally, static MLPs are 

simpler and more stable in the absence of recurrent connections 

[4]. 

 

The training algorithm are typically gradient-based 

methods (such as Levenberg-Marquardt (LM) [28, 61, 113], 

and Newton-Rhapson (NR) method [93]). The superiority of 

LM has been reported in a comparison of various training 

algorithms [72]. Apart from gradient-based methods, training 

algorithms based on evolutionary algorithms have been 

presented [37, 113], while specific training algorithms exist for 

specialized MLP types [114]. Decaying weight adjustments 

and Bayesian regularization have been performed by several 

authors [32, 61] to improve the convergence of the network 

while minimizing parameter expansion. 

 

4) Radial Basis Function ANN (RBFNN) 

The RBFNN is a three-layer feed-forward ANN with 

Gaussian activation function in its hidden units and output 

unit(s) that outputs a linear weighted sum of the hidden units 

[26, 58, 121-124]. Each hidden unit in the RBFNN outputs a 

value of the difference between its weight and input from the 

center of the Gaussian activation function [122]. Based on the 

Gaussian activation function, when the input is close to the 

hidden unit’s center, the unit output is high. As the distance 

between the input and the center increases, the output will 

rapidly decrease to zero [124]. 

 

The construction of RBFNN is performed in two stages. 

The first stage is the determination of basis function centers 

and widths. This stage is typically performed using randomly-

selected inputs, or using clustering, cross-validation or 

Orthogonal LS and its derivatives (OLS) method [58, 123, 

125]. A training algorithm is then employed to simultaneously 

adjust the hidden layer’s center vectors and variances and the 
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weights to minimize the difference between the actual and 

predicted response [124]. This stage is typically performed 

using LS  (due to its LITP nature), gradient-descent based 

algorithms, Expectation-Maximization (EM) or other types of 

evolutionary algorithms [54, 58, 125, 126]. 

 

Among the advantages of RBFNN is fast computational 

and training speed [58, 124, 127], near-optimal convergence [1, 

58], LITP nature [6], structural and design simplicity [58, 122, 

127], and transparent learning process [122].  

 

 The problem with RBFNN is with regard to 

determination of basis function centers and widths. Clustering 

methods are sensitive to initial values, while determination of 

basis function centers and widths guided by randomly-selected 

inputs tend to over-fit the data [58]. Additionally, gradient-

descent, EM or evolutionary-based methods used in the second 

construction stage are computationally expensive and have a 

tendency to be trapped in suboptimal solutions [58].  

 

5) Wavelet ANNs (WNN) 

WNN are a type of ANN that utilizes a linear combination 

of wavelet activation function for the hidden layer instead of 

the typical Gaussian or sigmoid functions [50, 128]. It belongs 

to a class of local function-expansion LITP model structures 

that use the powerful wavelet decomposition technique to 

represent signal nonlinearities [50, 105]. Much of the WNN 

approximation ability is derived from its localization in both 

time and frequency domain [105, 128].  

 

There are generally two structure types of WNN [128]. The 

first type, continuous wavelet transform is used as the 

activation function [128]. This type of WNN modifies the 

dilation and translation parameters together with the output 

layer weights during training [50, 128]. The second type of 

WNN uses discrete wavelet transform as the activation 

function in its hidden layer [128]. The training process for this 

type of WNN only modifies the output layer weights [128]. 

 

WNN has received much attention because they can 

approximate nonlinearities well, even in signals that have 

discontinuities [105]. Among the advantages of WNN are 

flexibility [105], high-precision approximation [105, 128], 

quick convergence [128] and compact structure [105, 128]. 

However, the drawbacks of WNN are expanded number of 

parameters [29, 105], which results in increased computation 

relative to other simpler estimators [105]. 

 

6) Neuro-Fuzzy Models (NFM) 

Fuzzy Logic (FL) is a branch of Artificial Intelligence (AI) 

intended to emulate the natural decision-making ability of 

humans under imprecise, uncertain or incomplete information. 

The decision-making ability of FL is derived from a set of 

heuristic IF-THEN rules [99, 129, 130]. It is therefore well-

suited for processes that have ill-defined, imprecise or 

partially-available information that cannot be represented in a 

mathematical manner [8, 63, 99, 131]. Other advantages 

include model transparency and simple interpretation of the 

rules [62, 65, 131].  

 

FL provides a straightforward method to decompose the 

modeling task into local subtasks. These subtasks are relatively 

easier to handle and improves the general model and control 

design [130]. However, the fixed grid-partitioning design 

approach of FL suffers from excessively large number of rules, 

as well as inflexibility in design [65]. Additionally, the design 

process is difficult with insufficient expert knowledge [62]. 

NFM has been designed to address these shortcomings [65]. 

 

NFM are hybrid systems in which inference properties of 

FL is used to enhance the learning ability of the ANN [8, 62, 

128, 129]. It belongs in a class of universal approximators, 

therefore it is able to approximate any continuous function with 

a good degree of accuracy [12, 65, 115, 129]. The FL 

membership function parameters, rules, number of fuzzy 

sets/clusters and ANN weights are adjustable parameters to 

optimize convergence and model structure [10, 65, 68, 129]. 

Training is generally performed using the back-propagation 

and least-squares algorithms and its variants [63, 128, 129, 

132], although use of evolutionary algorithms have also been 

reported [10, 62, 99, 131]. 

 

Among the many NFM types is the Adaptive Neuro-Fuzzy 

Inference System (ANFIS), an online self-constructing ANN 

with a modified Takagi-Sugeno-Kang (TSK) Fuzzy Inference 

System (FIS) [63]. Additionally, a NARMAX-based Fuzzy 

ANN (FNN) was presented in [115], where the input vectors 

were applied to several layers of membership function 

conversion, application of the fuzzy basis function and 

evaluation of fuzzy rules. The layers of the FNN had weighted 

interconnections, which were adjustable to fit the dataset. 

Another variant of the NFM was found in [128], which 

combined WNN with TSK FL to become Fuzzy Wavelet 

ANNs (FWNN). In [120], a combination of Support Vector 

Regression (SVR) and a recurrent TSK FNN model to 

incorporate additional parameter-learning abilities during 

training. In [131], a Mamdani-type ANFIS model was 

compared with its TSK counterpart, with improved model 

accuracy and transparency. 

 

Although proven as good function approximators, some 

criticisms have been directed towards increased complexity 

[62] and high parameter count [115, 120, 130], thus resulting in 

increased computational cost [115]. This flaw has been subject 

of active research [63, 115, 120]. Furthermore, the embedded 

ANN presents a black box-type estimator, where the inherent 

model structure is unclear [62]. 

 

7) Other Estimator Types 

Apart from model estimators shown in Section 1) and 

Section 2), there are other less-known model estimator types 

found in literature. These estimators are presented in this 

section. 

 

In [9], Dual Laguerre Basis Functions linear approximator 

were used to identify the swine cardiovascular system based on 

input blood pressures to the heart. The blind identification 

method showed promising insight into the workings of the 

cardiovascular system based on a 7,000 sample test case.  

 

The Minimum Model Error (MME) state estimation 

algorithm was used in [5] for estimating the states of poorly-

model dynamic systems. The MME model initially estimates a 

model from a series of discrete measurements from the system, 
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then determines the un-modeled system dynamics based on 

parameter optimization to minimize a given cost function. The 

optimized parameters were then used to correct the initial 

model. 

 

SVR, an application of Support Vector Machines (SVM) 

for function approximation was used in [49, 120]. SVR is 

preferable due to its high generalization capability [120].  

 

Works by [70] applied Genetic Programming (GP) together 

with OLS algorithm to estimate compressive strength of 

carbon-fibre reinforced plastic. The authors found that the GP 

method was better than ANN for modeling uncertainties in the 

system, at the expense of computational cost and model non-

transparency.  

 

E. Structure Selection 

Structure selection is defined as the task of selecting a 

subset of regressors to represent system dynamics [50, 97, 104, 

105]. The objective of structure selection is model parsimony – 

the model should be able to explain the dynamics of the data 

using the least number of regressor terms [98, 105]. In its 

simplest form, the structure selection task involves the 

determination of the optimal lag space [51]. Selecting a higher 

lag space incorporates more history into the model leading to 

better prediction [105]. However, this approach increases the 

computational complexity of the model, as well as reducing the 

generalization ability of the model [1, 92, 104, 105]. Therefore, 

advanced methods utilize quality measures or criterions to 

select the most important regressor [50]. Several structure 

selection methods are deliberated in this section: 

 

1. Trial and Error (Section 1)). 

2. OLS (Section 2)). 

3. Clustering (Section 3)). 

4. Correlation-based (Section 4)). 

 

Apart from the structure selection methods listed, other 

structure selection methods are described in Section 5). 

 

1) Trial and Error Methods 

Two trial and error methods for structure selection were 

found in literature. The first method called Zero-and-Refitting 

[50] estimates the parameters for a large model and gradually 

eliminate regressors that have sufficiently small parameter 

values. This method generally does not work well in practice as 

the parameter estimates are sensitive to the sampling window, 

noise variance and non-normalized data [50].  

 

Another method was found in [61] for structure selection of 

a Bayesian NARX ANN. The method constructs multiple 

models with different input lags and hidden units in an effort to 

find the best ANN and data structure. This method works well 

if the number of parameter combinations is small, but can be 

overwhelming when the number of adjustable parameters 

grows. Similarly, in [85], an iterative two-stage NARX model 

construction method was presented, which created models by 

adding and deleting regressors to minimize model simulation 

error. The authors reported good accuracy with low 

computational cost. 

 

2) OLS 

The OLS algorithm is a simultaneous structure selection / 

parameter estimation algorithm introduced by [85, 133]. The 

algorithm works by first transforming the original regressors 

into orthogonal vectors. This step decouples the regressors 

(using methods such as Gram-Schmidt, Modified Gram-

Schmidt, Householder transform, or Givens Rotation [49, 92, 

100]) so that their individual contributions are estimated 

separately from the rest of the regressors [36, 85, 86, 94, 95, 

97, 104].  

 

The next step is to use the ERR measure to rank the 

contribution of each regressor towards reducing the 

approximation error of the model [85, 95, 104]. The ERR 

performs this by iteratively adding regressors from an initial 

empty model [94], and evaluating regressors combinations that 

has the most influence over the variance of the system output 

[70, 95]. Regressors with highest ERR values are deemed most 

significant and selected to be included in the final model 

structure [92]. The cutoff of selected regressors are determined 

based on a threshold [98]. 

 

Once the model structure has been determined, the 

parameters are estimated using Least-Squares (LS) or its 

variants [28, 82, 108, 134]. The OLS algorithm has since been 

widely accepted as a standard [6, 98, 104] and has been used in 

many works (see [28, 98, 108, 134] for examples, and [63, 

122-124] for variations of applications) due to its simplicity, 

accuracy and effectiveness [1, 63].   

 

Among the advantages of OLS are that the decoupled and 

decomposed nature of the orthogonalized regressors allow easy 

measurement and ranking of each regressor contributions 

[104]. Furthermore, OLS can structure selection without a 

priori knowledge of the system [27], a condition common in 

many real-life modeling scenarios. The algorithm has a 

successful track record in the field of SI [50].  

 

Despite OLS’s effectiveness, several criticisms have been 

directed towards its tendency to select excessive or sub-optimal 

terms [85, 92, 98, 104, 108], sensitivity to initialization and the 

order of regressor inclusion [85], repetitive orthogonalization 

procedure [49], and bias in regressor selection [97, 104]. 

Furthermore, a demonstration by [104] proves that OLS 

selected incorrect terms when the data is contaminated by 

certain noise sequences, or when the system input is poorly 

designed [104]. The predetermined threshold for selection of 

regressors also needs to be empirically or heuristically 

determined [98], although it is usually set to a sufficiently high 

value. Several authors have made attempts to address these 

issues (addition of generalized cross-validation with hypopaper 

testing [104], OLS with exhaustive searching [86], regularized 

OLS [123], incorporation of information criterions, correlation 

analysis and pruning methods [6, 85, 92, 97, 104], and hybrid 

OLS algorithms [70, 97]).  

 

3) Clustering Methods 

Clustering methods group data based on their similarities 

and performs structure selection by adding a cluster to or 

removing them from the model structure. Clustering methods 

are determined by two parameters, namely the number of 

clusters and the initial location of cluster centers [68].  
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In [50], nearest neighbor clustering was performed to 

determine the input/output lag space of a NARX model. After 

clustering, excess clusters can then be deleted from the model 

to achieve the desired model behavior. In [120], clustering was 

used to implement the optimal structure of a recurrent fuzzy 

ANN. The authors reported a reduction of the ANN size with 

the cluster-based structure determination method. A 

Gustafsson-Kessel fuzzy clustering algorithm was used in [68] 

to perform unsupervised data clustering, which were then 

modeled using local linear models. Clustering using 

Independent Component Analysis (ICA) has also been reported 

[30].   

 

As reported by [50, 120], clustering improves the overall 

model structure either by removing excess terms that are 

collectively similar or grouping them together to create a 

compact classifier. However, a small number of references 

reviewed used clustering, which suggests that this type of 

method is in its infancy and does not possess a significant track 

record in current SI methodology. 

 

4) Correlation-Based Methods 

Correlation-based methods have been used in [92, 98, 104, 

135]. Correlation-based methods reveal causal relationships 

between regressors [95], which can then be used to determine 

important terms to include in the model.  

 

Correlation-based analysis guided by OLS was used in [92] 

to select significant model inputs for a polynomial model. 

Correlation analysis was performed to evaluate inputs that 

make a large contribution towards the output. The candidate 

inputs are refined further through the use of multi-objective 

evolutionary optimization to select the optimal model structure.  

 

Works by [104] used a combination of generalized cross-

validation, OLS and hypopaper testing to perform model 

structure selection. An integration between the adaptive 

orthogonal search algorithm and the Adjustable Prediction 

Error Sum of Squares (APRESS) was presented in [98] for 

structure selection. The authors reported that the simple 

algorithm achieved a good balance between reducing bias and 

improving variance of the model. Additionally, in [135], a 

gridding method combined with cross-correlation testing was 

used to determine the lags of an online SI model.  

 

Reference [95] cautioned against the use of correlation-

based methods because although correlations indicate causal 

relationship, qualitative analysis based on these methods are 

inaccurate for nonlinear systems modeling. The authors 

preferred the ERR analysis instead for their analysis. 

 

5) Other Structure Selection Methods 

This section reviews structure selection methods other than 

ones described in Section 1) and 3). A structure selection 

technique for time-series models was presented in [136]. The 

method used Monte-Carlo simulation and Analysis of Variance 

(ANOVA) sensitivity analysis to decompose the variance of 

regressors. The variance decompositions quantify the effect of 

variables in the model, and are used as a guide for structure 

selection.  

 

F. Parameter Estimation 

After the model structure has been determined, the next 

task is to estimate the parameters of the model. Among the 

methods surveyed, the most common was LS, followed by 

gradient-based algorithms, and others. These methods are 

described in Section 1). Several parameter estimation 

improvement methods are described in Section 2). 

 

1) Parameter Estimation Techniques 

The solution of LS problem is by far the most common 

parameter estimation method. The method involves adjusting 

the parameters of an over-determined system such that the sum 

of squares of the residual is minimized. LS methods are 

typically used in polynomial SI model as a form of curve-

fitting so that the model fits the data from the original system. 

  

The solution for LS problems is usually determined using 

three methods: normal equations, QR factorization and 

Singular Value Decomposition (SVD) [68, 137, 138]. Of these 

three, SVD is widely accepted to produce the most accurate 

results [139]. Several examples of LS for solving polynomial 

structures are given [25, 70, 85, 94, 97, 110]. Apart from that, 

other variations found were Generalized Total LS [31], Bias-

Compensated LS [76], Extended LS [22, 79], Recursive LS [2, 

49, 132, 140], and Nelder-Mead Simplex method [67]. Among 

the advantages of LS are its numerical stability and 

computational simplicity [141]. However, the results may be 

biased by noise [31, 142], or susceptible to ill-conditioning, 

leading to several methods and  variants to specifically address 

the issue [31, 76, 139]. 

 

Gradient-based algorithms find optimal parameters by 

utilizing gradient information to traverse across and find 

minimas in the error surface. ANN-based methods are well-

known for using gradient-based algorithms (see [28, 61, 113] 

(LM) and [93] (Gauss-Newton (GN)) for examples). Other 

variations include Mutual Information Gradient-Normalized 

Mean Squares [82] and Generalized Extended Stochastic 

Gradient [143].  

 

Other methods found in literature presented a myriad of 

parameter estimation techniques: Time-Varying Minimization 

of Hyper-Surface Distance [142], Finite Element estimation 

[17], Canonical Parameterized Model [78], Extended Kalman 

Filter [81], ICA [30], Maximum Likelihood Estimate [135], 

MaxMI [82], and M-Law Memorized Improved Proportionate 

Affine Projection Algorithm (MMIPAPA) [144].  

 

2) Improving Parameter Estimation 

Techniques for improving parameters estimation are 

described in this section. The most common method reviewed 

was construction of piece-wise models, followed by pruning 

and regularization methods, and integration of known system 

behavior. 

 

Piece-wise methods define individual linear sub-models for 

different system operating ranges [31, 46, 145]. This method 

has two primary benefits: improved model accuracy and 

transparency, noise resistance, reduced complexity, and solid 

foundation in linear modeling theory [7, 49, 68]. However, this 

method may be sub-optimal in systems that have strong 

nonlinearities or many operating regions [5]. Another 
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disadvantage is difficulty in transitioning between the sub-

models [29, 46], which may lead to control instability [29]. In 

[86], variance minimization-based piecewise structure selection 

method was criticized for creating sub-optimal models. See [5, 

7, 23, 27, 29, 46, 47, 49, 57, 68, 94, 145] for works that uses 

this method.  

 

Another method involves integrating system knowledge 

into the parameter estimation process [31]. The model 

designers add useful system characteristics that can help model 

difficult dynamic processes. However, this method is 

inapplicable in systems where its dynamics is not fully 

understood.  

 

Regularization and pruning methods have been used in [49, 

69, 144]. In [144], a regularization parameter was added to the 

MMIPAPA parameter estimation algorithm. The authors 

reported that the use of regularization parameters allows a 

trade-off between rapid convergence and low estimation error. 

Pruning methods reduces the computational complexity and 

generalization of models by removing less important 

parameters [49]. Works by [49] utilized the moving window, 

while [69] used the Optimal Brain Damage (OBS) algorithm to 

remove superfluous weights from MLP models. 

 

G. Model Validation 

After the model parameters have been estimated, the model 

undergoes a validation process to ensure its representativeness 

of the actual system. Apart from curve-fitting testing methods 

normally used (such as Sum Squared Error (SSE), MSE, R-

Squared and One-Step-Ahead (OSA) prediction, testing 

methods such as correlation tests also need to be applied. This 

is because a prerequisite for acceptance of the model should be 

the whiteness of the residuals [26, 98]. Additionally, 

information criterions can be used to quantify the model’s 

complexity relative to its dataset fit. The information criterions 

are useful as models tend to over-fit the residuals if fitting 

accuracy is over-pursued [1]. 

 

OSA is used to measure the ability of the model to predict 

the one-step-ahead output based on past data [146]. Prediction 

over an extended time horizon is also available by applying 

OSA recursively, but they tend to diminish accuracy especially 

for highly nonlinear systems [116]. The OSA validation 

technique is described in Section 1). 

 

The difference between the actual data and OSA 

predictions are called residuals. The residuals and be quantified 

using methods such as MSE, R-squared analysis and SSE. 

MSE calculates the mean, while SSE calculates the sum of 

squared residual values [147]. R-squared analysis is also a 

popular goodness of fit measure of the actual data based on 

SSE [148]. These techniques are described in Section 2). 

 

An acceptable model and prediction results are only 

obtained if the model is unbiased [86]. If the model structure 

and parameter estimation is adequate (statistically valid), then 

the residuals should not contain any predictable terms across 

all past inputs and outputs [1, 86]. Correlation tests has been 

widely applied for SI, see [1] for linear and [86, 98, 101] for 

nonlinear application examples. Basic tests for linear systems 

are residuals autocorrelation test and cross-correlation test 

between residuals and the inputs [86], while extensions exist 

for non-linear cases (see [86, 98, 101]). Additionally, 

histogram tests on the residuals can be used to check the 

whiteness of the residuals. Correlation and histogram tests are 

described in Section 3) and Section 4), respectively. 

 

Model parsimony is also an important element to consider 

in selecting the best model. The principle of parsimony is that 

in comparing between multiple model structures, the model 

that explains the dynamics of the system with the least 

complexity is the superior model. Information criterions such 

as Akaike Information Criterion (AIC), Final Prediction Error 

(FPE) and Model Descriptor Length (MDL) are used to enforce 

parsimony by incorporating complexity penalties in addition to 

residual fit [55, 64, 86]. The model selection criterions are 

described in Section 5). 

 

1) One-Step-Ahead Prediction 

OSA is a test that measures the ability of a model to predict 

future values based on its previous data. It takes the form of 

[146]: 

 

 ̂( )   ̂( ( ))   (16) 

 

where  ̂ is the estimated nonlinear model, and  ( ) are the 

regressors. Sample representation of  ( ) for the NARX, 

NARMA and NARMAX models are shown in Eq. (17) to Eq. 

(19), respectively: 
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,  

(19) 

 

If necessary, a  -step ahead prediction may be obtained by 

iterative application of Eq. (17) to Eq. (19), substituting future 

outputs by OSA predictions [146]. 

 

2) Sum Squared Error, Mean-Squared Error and R-

Squared 

SSE and MSE are standard methods for testing the 

magnitude of residuals for regression and model fitting 

problems. The SSE equation for a residual vector   of length   

is given by [147]: 

 

    ∑ (  )
  

   

 ∑ (    ̂ )
  

   

   (20) 

 

where    is the observed value, and  ̂  is the estimated 

value at point  .  
 

The MSE equation is similar to SSE, except the residuals 

are divided by  : 
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As the SSE and MSE values are calculated from the 

magnitude of residuals, low values indicate a good model fit. 

The ideal case for MSE and SSE is zero (when     ̂  
           ). However, this rarely happens in actual 

modeling scenarios and a sufficiently small value is acceptable. 

 

The R-squared technique is a measure to indicate the 

goodness-of-fit of a model. Originally intended for linear 

regression problems, recent works [52, 149] have extended its 

usage to measure nonlinear model fit as well. The R-squared 

measure is calculated as [149]: 

 

     
∑ (    ̂ )

 
   

∑ (    ̅) 
   

   (22) 

 

 

where    and  ̂  are actual and estimated observations at 

interval  , respectively.   is the number of observations and  ̅ 

is the mean value of  . 

 

3) Correlation tests 

Correlation tests measure the correlation between two time-

series sequences at different points in time. They are useful 

indicators of dependencies and correlatedness between two 

sequences. Correlation tests are done by shifting the signals at 

different lags and measuring the correlation coefficients 

(degree of correlation) between them. 

 

In SI, correlation tests are used to validate the model by 

determining the whiteness of its residuals. A residual sequence 

exhibits white noise characteristics if tests Eq. (23) to Eq. (27) 

hold [69]: 
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where: 

      
( ) = correlation coefficient between signals    and 

  . 

   ] = mathematical expectation of the correlation 

function. 

 ( ) = model residuals =  ( )   ̂( ).  

  = lag space. 

 ( ) = observed output at time  . 

 ( ) = Kronecker delta, defined as: 

 

 ( )  {
     
     

   (28) 

 

The confidence band reveals the significance of the 

correlation, and a significantly large correlation is indicated by 

one or more coefficients lying outside the confidence band 

[86].  In correlation tests, the 95% confidence band is required 

because there is a finite amount of data length available [86]. 

The model is usually accepted if the correlation coefficients lie 

within the 95% confidence limits, defined as        , with   

is the number of data points in the sequence. 

 

4) Histogram Analysis 

A histogram is a graphical method to present a distribution 

summary of a univariate data set [150]. It is drawn by 

segmenting the data into equal-sized bins (classes), then 

plotting the frequencies of data appearing in each bin. The 

horizontal axis of the histogram plot shows the bins, while the 

vertical axis depicts the data point frequencies. 

 

In SI, histogram analysis is used to view the distribution of 

the residuals. The histogram exhibits white noise as a 

symmetric bell-shaped distribution with most of the frequency 

counts grouped in the middle and tapering off at both tails 

(Figure 3) [150].  

 

 

Figure 3: Sample of normally-distributed histogram curve for 

10,000 random numbers.  

 

5) Model Selection Criterions 

The model selection criterions aim to assist practitioners in 

selecting a parsimonious model (a model that best represents 

the system with minimum number of parameters). The 

criterions do this by considering two aspects: the magnitude of 

the residuals, as well as the number of parameters selected. 

Each of the criterions are defined in Eq. (27) to Eq. (29) [55]: 
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where   is the number of estimated parameters,   is the 

number of data points.      (    ) is the Normalized Sum 

Squared Error (NSSE) of the model residuals with respect to 

the model parameters,  : 

 

     (    )  
 

  
∑   (   )

 

   
 (32) 

 

IV. OPTIMIZATION AND ITS APPLICATION TO SI 

SI can be viewed as an optimization problem, where 

various models are evaluated based on objective functions 

forming a trade-off between model representativeness and 

various structural and parametric constraints [1].  

 

Optimization is defined as a task to search for an optimal 

set of solutions for a parameter-dependent problem, typically 

by minimizing a cost function related to the problem [151]. 

Optimization techniques are divided into two categories, 

namely local and global techniques [152]. Local optimization 

techniques search the solution space based on gradient 

information. This technique benefits from rapid convergence. 

However, it only works well for a small number of parameters, 

as well as being limited by its initial conditions. Furthermore, 

the results are greatly affected by the presence of 

discontinuities in the data [152]. Examples of this type of 

optimization technique are GN and LM algorithms. 

 

Global optimization techniques are more adept at handling 

multidimensional data and able to solve problems independent 

of initial values and under relaxed constraints and assumptions 

[152]. They achieve this through stochastic optimization 

process, where the algorithms emphasize exploration of the 

solution space to search for the best results [153]. Recent 

research has suggested that this type of optimization is superior 

in difficult problems [54], albeit slower [124]. Several notable 

algorithms in this category are Bacteria Foraging Algorithm 

(BFA) [154], Artificial Bee Colony (ABC) [155, 156], PSO, 

GA and Ant Colony Optimization (ACO) [122, 153, 154, 156, 

157]. 

 

Typically, stochastic algorithms perform optimization by 

manipulating many basic autonomous individual units called 

agents [153]. These agents are represented in many forms: 

swarms in PSO, populations in GA and colonies in ACO and 

ABC. These agents perform basic tasks individually and 

interact with each other using simple protocols [153]. 

However, when combined, they exhibit a synergy of self-

coordination that are able to solve optimization-type problems 

[153]. 

 

The global stochastic optimization technique was selected 

due to the high-dimensional nature of the problem presented in 

this paper. Following sections describe two stochastic 

algorithms extensively used for SI in literature: PSO (Section 

A) and GA (Section B).  

 

A. PSO  

PSO is a stochastic optimization algorithm that simulates 

the behavioral dynamics of swarming animals. The algorithm 

defines particles as agents responsible for searching the 

solution space. The movement of particles is directed by the 

particles’ best individual achievement, as well as the best 

swarm achievement [54, 158]. The iterative search process 

continues until the objective is met or the number of iterations 

is exhausted. 

 

The vanilla PSO algorithm suffered from suboptimal 

convergence because the particles tend to take large steps 

towards the end of the optimization [159], when ideally they 

should take smaller steps near the optima. Several variants 

have resolved this problem by adding a constriction term that 

gradually decreases the step size towards the end of the search 

(see [37, 112, 121, 126, 160-169] for implementations). 

However, the introduction of constriction may lead to another 

problem - premature convergence [159, 170-172]. Several new 

variations have been researched to resolve this issue, usually in 

combination with other optimization algorithms to form new 

hybridized variants [159, 161, 168, 173, 174], improving the 

algorithm with heuristics [166], inclusion of additional 

optimization parameters [37, 54, 165, 168, 171], or multiple 

swarms architecture [158, 172].  

 

PSO is appealing to researchers because of several factors: 

 

1. Usage of simple mathematical operators makes it easy to 

implement [37, 54, 112, 127, 159, 164, 170, 172, 175]. 

2. It is computationally inexpensive and fast compared to 

other more complex optimization algorithms [37, 54, 112, 

127, 159, 161, 166, 171-173]. 

3. It has a successful track record in solving complex 

optimization problems [54, 158, 165, 168, 175]. 

4. It is versatile [168]: can be easily adapted to solve 

continuous, binary or discrete problems. No requirement 

of gradient information [37], thus can be used for a wide 

range of problems otherwise non-optimizable by gradient-

based algorithms. 

5. It requires a minimum amount of parameter adjustments 

[158, 166]. 

6. It is robust in solving complex optimization problem [121, 

161]. 

7. It can be implemented in a true parallel fashion [176]. 

 

PSO has enjoyed significant interest in the field of SI. 

Almost all applications were limited to parameter estimation 

tasks – either for training ANNs [26, 37, 121, 128], or for 

estimation of its optimal training parameters [54, 127].  

 

PSO was used to perform training on a WNN in [128] and 

RBFNN in [26, 121]. In [127], the PSO algorithm was used to 

optimize the learning rates of RBFNN for identification, while 

in [54], PSO was used to tune the RBFNN nodes together with 

the orthogonal forward regression algorithm.  

 

Apart from RBFNN, Gaussian PSO was also used to adjust 

the weights of a Dynamic MLP for control of systems with 

long time delays [37]. The Gaussian PSO introduces chaos 

terms into the PSO algorithm to balance between exploration 

and exploitation of the algorithm.  
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A non-ANN application of PSO was found in [160], where 

a polynomial-based model was estimated using PSO to model a 

linear phased array pattern design with null steering model. 

 

B. GA 

GA is a stochastic optimization algorithm inspired by the 

concept of evolution and natural selection [54, 126, 167, 177]. 

The concept of natural selection is based on the theory that 

strong individuals are more likely to survive and reproduce, 

while weaker individuals are less likely to survive [10]. The 

offsprings of strong individuals inherit good traits from its 

parents, while weak individuals are removed from the gene 

pool as they die [10]. This mechanism allows only the 

strongest offsprings to survive until future generations.  

 

This cooperation/competition behavior amongst the 

individuals is similar to probabilistic searching used in GA [10, 

54]. GA defines its agents as a population of individuals [10] 

that carry certain traits [10, 62]. These traits are binary in 

nature, but they can be encoded such that they represent real 

numbers [58, 167, 178]. Each individual is ranked according to 

a fitness function at each generation [10, 167]. New 

generations are created from an initial population to create 

offsprings [126, 177].  

 

These offsprings inherit certain traits from their previous 

generation through elitist/selection, crossover and mutation 

[10, 58, 62, 167, 178, 179]. These mechanisms are required for 

the offspring population diversity [167]. The elitist/selection 

mechanism selects the best individuals into the next generation 

through various strategies [10, 58, 126, 167]. Crossover 

combines parts of pairs of individuals to produce new 

offspring, while mutation adds a degree of diversity to the 

population by randomly altering the offspring [58, 126, 167]. 

Both crossover and mutation are useful to break free from local 

optimas [167, 168]. Optimization is continued until certain 

stopping criteria are reached [10, 179], with the best-

performing individual(s) are accepted as the solution [168]. 

 

Among the advantages of GA are: 

 

1. It does not require derivation or gradient information of 

the problem, thus suitable in problems where mathematical 

derivation is difficult [54, 180]. 

2. The algorithm is adaptive and fault-tolerant [175]. 

3. It can be implemented in a true parallel fashion [167, 176]. 

4. It is a simple, structured, efficient and accurate 

optimization algorithm [167, 176, 178, 180]. 

 

However, GA has been criticized for its slow convergence, 

which is a performance bottleneck in practical applications 

[167, 168]. Another drawback is that GA is susceptible to its 

optimization parameters, often resulting in premature 

convergence [62]. 

 

GA has enjoyed relatively higher exposure to the SI 

community compared to PSO, as evidenced by relevant papers 

published in the area. Three main applications of GA were 

found in literature – parameter optimization, parameter 

estimation and structure selection. 

 

GA is an appealing choice for optimization of model 

parameters. This may be due to some models having many 

adjustment parameters that it is impossible to adequately 

determine the best combination on a trial-and-error basis. 

 

In [62], a modified GA (with extinction, advanced elitist 

and bit-inversion mutation strategies) was used to optimize the 

parameters a fuzzy-based NARX model. Similarly, [131] and 

[99] utilized GA to optimize ANFIS training parameters, while 

several others [58, 126]  used GA to optimize the parameters of 

a RBFNN. 

 

GA has also been used for estimation of parameters in 

several SI models. GA was used to perform an initial parameter 

search prior to a gradient-based GN approach for identification 

of a synchronous generator [54]. In [62], a fuzzy logic-based 

identification model utilized GA to generate IF-THEN rules to 

characterize the behavior of a two-axis pneumatic artificial 

muscle robot arm, while [59] used GA to estimate the 

parameters of an Adaptive Backspace Control Model. 

Similarly, [10] reported using GA to estimate the parameters of 

a recurrent ANFIS model of a rainfall-runoff prediction model.  

 

Two applications of GA for structure selection of SI models 

were found in [92, 104]. Works by [92], utilized GA to 

perform structure selection for a polynomial NARX model. In 

[104], a combination of GA and OLS was used to perform 

structure selection and parameter estimation, respectively. Both 

authors agree that GA imposed a heavy computational burden 

for the task [92, 104], albeit a reduced one compared to an 

exhaustive search approach [104].    

 

V. CONCLUSIONS 

SI is a discipline in control engineering concerned with 

representing a dynamic system using models. There exists a 

structured methodology for achieving the modeling task, which 

has been described in this paper. Several model types can be 

chosen from, and they can be represented with various 

estimators. Validation of the model is a crucial part of the 

identification process. Apart from conventional fitting tests, 

care must be taken to ensure that the residuals are uncorrelated. 

Correlated residuals would render the model invalid, thus the 

results unacceptable. 

 

Several new directions in SI research involve the 

integration of stochastic optimization algorithms into the 

conventional SI methodology. This is because these type of 

optimization algorithms has been shown to outperform 

numerical techniques often used in SI. The review suggests that 

PSO and GA were the most common algorithms to be used for 

SI, and detailed descriptions of each have been presented. 
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