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Abstract- There are several studies on Lotka-Volterra Model has been done. Nevertheless, a few of them  consider to supply with the 

information not only about analytical result but also information about local and global bifurcation of the solution of the system so that 

we have a complete information about the behaviour of the solution in terms of its stability. This study will analyze a Lotka-Volterra 

model with Holling type II functional response. The analysis starts with determining the equilibrium points of the system. Then by 

using center manifold and normal form analysis the information about stability of the other solutions, including the appearance of 

stable limit cycles, are obtained by continuing parameter . These results are confirmed by numerical simulations using MatCont. 

Biological interpretation  of our results are also presented.  

Index Terms- Holling, predator,  prey, stability, bifurcation  

I. INTRODUCTION 

One of the most popular mathematical model that are often used for describing the interaction between predator and prey is 

Lotka-Volterra. In this study we are focused on Lotka-Volterra model for predator-prey with Holling type II functional response 

(Savitri [5]) of the following. 
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where  x  is prey density,  y  is predator density, and   is predator’s natural death rate. In system (1) we assume that the growth of 

prey follows logistic growth. The predation is due to Holling type II functional response. In her paper, Savitri [5] found many 

interesting phenomena of the solutions of the system that are in line with the previous  theoretical work  by Hsu, et.al [2]. However, 

Savitri [5] used the method of divergence criterion by Pilyugin and Waltman [4] but she did not explain how to identify Hopf 

bifurcation of the solution. In this paper we shall give more complete analysis of the stability of the solution including numerical 

simulation using MatCont, a numerical continuation software developed by Kuznetsov [3]. 

 

II. EQUILIBRIUM POINTS AND THEIR STABILITY 

    Taking the right-hand sides of (1) equal zero, then we obtain three equilibrium points 0 1(0,0), (1,0),T T  and  
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By linearization we obtain the Jacobian 
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Implementing this Jacobian to (0,0)T we obtain its eigenvalues 1 and  from which we conclude that the point is a saddle 

point, as it is assumed that 0  .  Whereas implementing it to 1(1,0)T  we obtain its eigenvalues -1 and 2
3

 from which we 

conclude that the point is a stable source/node if and only if  2
3

0  .  Meanwhile, implementing the Jacobian to  
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 we obtain its eigenvalues  
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It is interesting when we want to conclude the stability of 2T , since there are a number of possibilities as we vary the value of 

 . 

 

III. BIFURCATION ANALYSIS OF THE SOLUTIONS 

We analyse the complete behavior of the solutions by varying the value of  . We start with 1(1,0)T . Point 1(1,0)T changes its 

stability when it passes through 2
3

  , from a node (when 2
3

  ) to a saddle point (when 2
3

  ). The unstable saddle point co-

exists with the non-trivial stable node obtained from 2T  when 1 2
3 3

  . This phenomenon is illustrated in Figure 1 below. 

 
 

(i)            (ii)    (iii) 

 

Figure 1  (i) Co-existence of stable node and saddle point when  4
10

   (ii) the two points collide into a node when 2
3

         

(iii) A node stays when 9
10

  . 

 

    We notice from the eigenvalues corresponding to point 2T  that they will be purely imaginary if we take 1
3

  .  According to 

Guckenheimer ( p.151) [1], since 
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we conclude that Hopf bifurcation of 2T  occurs at 1
3

  . Next, we shall determine the type of Hopf bifurcation. By normalization 

(Verhulst [6]), after some transformations we obtain 
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Now, it remains to determine the stability index of Hopf bifurcation (See Wiggins [7]) by letting 
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we obtain  
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    Therefore, we have a supercritical Hopf bifurcation at 1
3

  . An asymtotically stable spiral  appears when taking  in the open 

interval  1 2
3 3
, , meanwhile the spiral becomes unstable in the occurrence of a stable limit cycle when 1

3
   . The Hopf 

bifurcation is illustrated in Figure 2. 

 
                (i)                                                     (ii)        (iii) 

 

Figure 2  (i) an asymtotically stable spiral appears for  1 2
3 3
, , (ii) At 1

3
     a stable limit cycle starts to occur, (iii) At 1

5
   

a stable limit cycle occurs while the spiral becomes unstable. 

 

    We summarize all of the bifurcations of solution of the system in the following bifurcation diagram on the y   and 

x  planes. 
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                                                                     (i)                                    (ii)  

 

Figure 3 Bifurcation diagram as  varies. (i) predator density when  varies. (ii) prey density when  varies 

 

    Figure 3 gives us information how the solutions behave when we vary the value of  . This fact has an important meaning for 

system of predator-prey interaction, as we shall discuss in the following section. 

 

IV. BIOLOGICAL INTERPRETATION 

    Based on the work of Hsu et.al [2] , all of the results discussed above is in agreement with the theorems explained in the paper. 

However, in this work we are able to give a real case from which we can easily interpret the biological phenomena of the solutions 

of the system. 

The trivial solution 0 (0,0)T  is always unstable that means the absence of predator will let prey grows following logistic 

equation (see first equation of (1)). 

From Figure 3, as predator’s death rate is big ( 2
3

  ) the absence of predator will maintain the existence of prey. Meanwhile, 

for 1 2
3 3

  , 1(1,0)T  becomes unstable meaning at that death rate the absence of predator cannot be sustained, as the predator 

still can reproduce and grow. This is the reason why that unstable solution co-exists with a stable nontrivial solution 2T . In this 

interval, as the death rate decreasing, prey density decreases while predator density increases.  

Lower the predator’s death rate to 1
3

  , the co-existence of predator and prey is in a longer run. There exists a periodic 

oscillation  shown by a limit cycle (in Hopf bifurcation (Figure 2)). This oscillation represents a strong and long-lasting interaction 

between prey and predator in that level of density. 

 

V. CONCLUSION 

    By varying the value of predator’s death rate interesting phenomena, both mathematically and biologically, can be studied. The 

appearance of limit cycle due to Hopf bifurcation give a good confirmation of the co-existence of predator and prey population. 

This makes sense as for a small predator’s death rate ( 1
3

  )  the growth of prey and predator are in balance such that they both 

can grow and dead following a cycle. Numerical computation using Matcont gives nice illustrations and good confirmation of our 

analytical works. 
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